Introduction {#Sec1}
============

Over the past 20--30 years, the share of oil and gas in the global fuel and energy balance of consumption is more than 70% of all types of energy sources. Exploration for oil and gas is produced on the shelf in more than 70 countries. Meanwhile, global warming has made the territories covered with snow and glaciers more accessible for resource exploitation, thus, resulting in the increased interest in these areas.

Certainly, there are some regulations which help to divide territories beyond continental coasts. Firstly, territorial waters -- belt of sea or ocean not exceeding 12 nautical miles, measured from the coast, adjacent to the coast under the sovereignty of the coastal state or its internal waters -- give for this state the sovereignty beyond the territory \[[@CR1]\].

Secondly, it takes into account exclusive economic zones (EEZ), which were formally introduced in 1982 by the UN Convention on the Law of the Sea \[[@CR1]\]. EEZ is an area beyond the territorial sea, extending seaward to a distance of no more than 200 nautical miles (370 km) from its coastal baseline. This territory can be used by the other countries only for transportation. Meanwhile, a coastal state has sovereign rights for the purpose of exploration, development, conservation and management of natural resources, both living and nonliving, in the waters covering the seabed and other activities for economic exploration and exploitation of the zone, such as production of energy from water, currents and winds. The exception to this rule occurs when the exclusive economic zone will be crossed. When an overlap occurs, it is up to the states to specify the actual maritime boundary.

In this paper, we are focused on the Barents Sea which pertains to Russia and Norway. The area in the central part of the Barents Sea, called the Loop Hole, is the area beyond and totally enclosed from the 200 nautical miles limits of Norway and the Russian Federation \[[@CR2]\].

As a result, they disputed EEZ in the Barents Sea. The treaty was agreed only in April 2010 between the two states and subsequently (September 15th, 2010) ratified, resolving this dispute \[[@CR3]\]. The maritime delimitation was defined by the group of geodesic lines between certain points defined by the following coordinates:70° 16′ 28.95″ N, 32° 04′ 23.00″ E73° 41′ 10.85″ N, 37° 00′ 00.00″ E75° 11′ 41.00″ N, 37° 00′ 00.00″ E75° 48′ 00.74″ N, 38° 00′ 00.00″ E78° 37′ 29.50″ N, 38° 00′ 00.00″ E79° 17′ 04.77" N, 34° 59′ 56.00" E83° 21′ 07.00″ N, 35° 00′ 00.29″ E84° 41′ 40.67″ N, 32° 03′ 51.36″ E

This solution (see Fig. [1](#Fig1){ref-type="fig"}) established conditions for fishing cooperation, providing for the retention of the mechanism to jointly regulate fishing in the Barents Sea. In addition, the principles of cooperation in fossil fuels deposits exploration were also defined \[[@CR3]\].Fig. 1.Norway-Russia sea border.

Although the problem of disputable zones in the Barents Sea have already been solved, negotiations took 36 years \[[@CR4]\]. As there are many other territorial disputes, we consider the problem as a fair division one. Our goal is to analyze territorial dispute in the Barents Sea and construct various scenarios of areas allocation taking into account different types of resources. The problem lies in the evaluation of the utility of each area for each agent as well as the influence of a disputed territory in order to find some allocation that satisfies all interested parties.

In Sect. [2](#Sec2){ref-type="sec"} data used in our survey are described. The main idea of the constructed model for territory division is presented in Sect. [3](#Sec3){ref-type="sec"}. Section [4](#Sec7){ref-type="sec"} explains main scenarios analyzed in the work. In Sect. [5](#Sec11){ref-type="sec"} all results of the model application are demonstrated. Finally, Sect. [6](#Sec15){ref-type="sec"} concludes the work.

Data Description {#Sec2}
================

For application of our model we required the data considering location of all resources which can be interesting for the countries in this region. Each area is located at some distance from each country and possesses some natural resources. We consider two main natural resources according to \[[@CR5]\]: fossil fuels such as oil and gas (O&G) and fish (F) resources. It is necessary to note that since these resources require maritime access to the areas, we did not consider shipping routes as one more additional resource.

For the data considering the location of fish resources we used an interactive map of the Barents Sea \[[@CR6]\], wherein we can highlight fishing territories for different periods (for instance, see Fig. [2](#Fig2){ref-type="fig"}).Fig. 2.Average fishing territories in the first quarter of the year.

In turn, as for the oil and gas data, we used information from \[[@CR7]\]. In this source we have the following map (see Fig. [3](#Fig3){ref-type="fig"}) displaying territories with potential for finding oil and natural gas and confirmed oil and gas fields.Fig. 3.Map of potential and confirmed oil and gas fields.

A Model {#Sec3}
=======

Problem Statement {#Sec4}
-----------------

Consider a set of areas *X* in the Barents Sea characterized by a set of parameters *K* and a set of countries *Y* which are interested in these areas.

Since the level of interest in each area of the sea is different, let us divide the whole region into some sub-regions almost of equal part. In our paper the Barents Sea was divided into 841,995 equal areas where each area encompasses a territory of about 210,000 square meters. Among them, only 241,162 areas have oil, gas or fish deposits.

Based on recent studies on natural resources availability in the Barents Sea \[[@CR7]\] we can demonstrate that information in Fig. [4](#Fig4){ref-type="fig"}.Fig. 4.Availability of natural resources: oil and gas (left) and fish (right). The darker shade means larger reserves of the resource.

Let us evaluate the level of interest of each country in the Barents Sea.

Utility Functions {#Sec5}
-----------------
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### Fossil Fuels {#FPar1}
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Where ∝ is a coefficient that characterizes the relative importance of fossil fuels compared to fish resources. It should be mentioned here, that generally each country might evaluate natural resources differently, based on its industrial base, needs of the economy, etc. However, for the simplicity, we assume that each country evaluates each resource equally.

Thus, we can evaluate an interest of each country in a specific area of the Barents Sea and find regions of the most interest for each country. The areas can also be ranked lexicographically or by some other procedures.

Areas Allocation {#Sec6}
----------------

According to treaty between the Kingdom of Norway and the Russian Federation concerning maritime delimitation and cooperation in the Barents Sea and the Arctic Ocean \[[@CR3]\], the maritime borders in the Barents Sea are fixed now and, thus, there are no disputed areas in the region. Moreover, if we assume that current borders are the equilibrium for two states, i.e., each country is satisfied with present delimitation of areas, we can evaluate the relative importance of fossil fuels compared to fish resources.

Let us define the fairness of the allocation. The fairness of the allocation can be evaluated differently; in our paper it is based on the satisfaction level of each country $\documentclass[12pt]{minimal}
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                \begin{document}$$ S_{k} \left( P \right) = \sum\nolimits_{{x \in X:\left( {x,k} \right) \in P  }} {\left( {u_{k}^{T} \left( x \right)} \right)} - \sum\nolimits_{{x \in X:\left( {x,k} \right) \notin P  }} {\left( {u_{k}^{T} \left( x \right)} \right)} , $$\end{document}$$where *P* is a binary relation *P ⊂ X × Y* that characterizes the final allocation of areas. In other words, the satisfaction level of a country is calculated as the difference between the total utility of areas that were allocated to this country, and the potential total utility of areas that were not allocated to the country.

If we assume that actual allocation is fair for Norway and Russia and both countries have the same interest in natural resources, then, according to our model, the coefficient ∝ is equal to 1.74. In other words, the importance of fossil fuels for countries is 1.74 times higher than the importance of fishing resources.

Since natural resources that we consider are limited, the availability of resources may change over time. Moreover, there may be some changes in global energy markets which means that the relative importance of natural resources may differ resulting in a potential disputed territory in the Barents Sea. Thus, it will be valuable to consider different scenarios of how the relative importance of natural resources may change in order to evaluate the sustainability of the present allocation of zones.

Resolution Models {#Sec7}
=================

Next, we propose several models of areas allocation, which are fair in some sense for each country, evaluate the satisfaction level of each country and consider different valuations of parameter ∝.

Allocation of Areas Regardless the Level of Interest in Areas of the Barents Sea {#Sec8}
--------------------------------------------------------------------------------

### Scenario 1: All Areas are Allocated with Respect to the Current Borders {#FPar3}

Since the borders in the Barents Sea are clearly defined, let us consider the allocation with respect to the borders. The results are provided in Fig. [5](#Fig5){ref-type="fig"}.Fig. 5.Allocation according to scenario 1 (areas allocated to Norway are colored in red (left part), to Russia -- in blue (right part)). (Color figure online)

### Scenario 2: All Areas are Allocated with Respect to the Distance. {#FPar4}

Let us allocate all areas to the country which closer located to it. The results are provided in Fig. [6](#Fig6){ref-type="fig"}.Fig. 6.Allocation according to scenario 1 (areas allocated to Norway are colored in red (left part), to Russia -- in blue (right part)). (Color figure online)

Allocation of Areas with Respect to the Level of Interest in Areas of the Barents Sea {#Sec9}
-------------------------------------------------------------------------------------

Next, let us consider two models of areas allocation which are based on the level of interest of each country. According to the first model, the allocation of areas is performed similarly to the adjusted winner procedure \[[@CR10]\]. The second procedure allocates areas to the most interested party.

*Modified Adjusted Winner Procedure*

Since in our case there are only two countries interested in the region, we can implement the adjusted winner procedure which is used in fair division problems for the case of two agents. The adjusted winner procedure ensures that the final allocation is proportional (each side receives a piece that he/she perceives to be at least 1/n of the whole), envy free (no agent has incentives to exchange his allocated part of the object with any other agent) and Pareto-optimal (no other allocation can make one party better off without making the other party worse off).

Generally, the adjusted winner procedure is used for fair division of divisible goods. However, since we do not allow shared allocation of areas, the final allocation of areas does not guarantee that the satisfaction level of each country will be equal. Thus, the final allocation of zones is not unique, and we need to consider different initial allocations of zones.

### Scenarios 3, 4: Initial Allocation to Norway and Russia (Correspondingly) {#FPar5}

The model of disputed territory resolution works as follows. Suppose we have some initial allocation of areas. Then we can evaluate the satisfaction level of each country. If the satisfaction level is equal, the procedure of areas allocation stops. Otherwise, the exchange procedure is performed between two countries. Denote by $\documentclass[12pt]{minimal}
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The criterion for the choice of exchanging area $\documentclass[12pt]{minimal}
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                \begin{document}$$ x \in X $$\end{document}$ should be valuable for unsatisfied country. Finally, the exchange should be performed for the area which is valuable as much as possible for unsatisfied country and as less as possible for satisfied country.

Thus, some new allocation is obtained and the whole procedure repeats again. There are different criteria that can be used to terminate the exchange procedure. In our paper the procedure stops if there are no areas available for the exchange procedure or the most unsatisfied country is changing at each new step of the exchange procedure.

Allocation of Areas to the Most Interested Country {#Sec10}
--------------------------------------------------

### Scenario 5: All Areas are Allocated to the Country That Values Them the Most {#FPar6}

The allocation of zones is performed by a simple majority rule \[[@CR11]\]. In other words, a disputed territory is allocated to country B if the total number of resources which country B is interested in more than country A is more than or equal to 50% + 1 of the total number of resources available in this zone.

Results {#Sec11}
=======

Now let us apply each model and compare the results.

The results for scenarios 1--2 are provided in Fig. [5](#Fig5){ref-type="fig"} and [6](#Fig6){ref-type="fig"}. As for other scenarios, since we consider two different resources (fossil fuels and fish resources) which are not always equally valued by countries, we should consider the following cases

Fossil Fuels and Fish Resources Have the Same Importance (∝= 1) {#Sec12}
---------------------------------------------------------------

The results of the models are provided in Fig. [7](#Fig7){ref-type="fig"}.Fig. 7.Allocation according to scenarios 3--5 for ∝ = 1 (areas allocated to Norway are colored in red (left part), to Russia -- in blue (right part)). (Color figure online)

Now let us evaluate the efficiency of each model in terms of the total satisfaction level. The satisfaction level of each country according to different scenarios is provided in Table [1](#Tab1){ref-type="table"}.Table 1.Satisfaction level.№NorwayRussiaTotalScenario 110062546833147458Scenario 212665523833150488Scenario 37446174446148907Scenario 47445174455148906Scenario 512665523833150488

According to Table [1](#Tab1){ref-type="table"}, if gas and oil have the same importance as fish, Norway is the most satisfied country according to the current allocation of areas (scenario 1) or if the areas will be allocated with respect to the distance (scenario 2) or to the most interested party (scenario 5). As for the total satisfaction level, the allocation with respect to the distance or to the most interested party showed the highest values than any other scenario while current allocation of zones is the worst one. However, if we choose the difference in satisfaction level as criterion of the efficiency of the model, scenarios 3-4 are the best allocations since both countries have almost the same satisfaction level. Finally, we can see that scenarios 2 and 5 result in the same allocation of areas. It can be explained by the fact that the level of interest is evaluated with respect to the distance.

Fossil Fuels Are Five Times More Important Than Fish Resources (∝ = 5) {#Sec13}
----------------------------------------------------------------------

The results of the models are almost the same and provided in Fig. [8](#Fig8){ref-type="fig"}.Fig. 8.Allocation according to scenarios 3--5 for ∝ = 5 (areas allocated to Norway are colored in red (left part), to Russia -- in blue (right part)). (Color figure online)

Now let us evaluate the efficiency of each model in terms of the total satisfaction level. The satisfaction level of each country according to different scenarios is provided in Table [2](#Tab2){ref-type="table"}.Table 2.Satisfaction level.№NorwayRussiaTotalScenario 1102877341267444144Scenario 2210150244724454874Scenario 3227406227381454787Scenario 4227383227404454787Scenario 5210150244724454874

According to Table [2](#Tab2){ref-type="table"}, if gas and oil is 5 times more important than fish, Russia is the most satisfied country according to the current allocation of areas (scenario 1) or if the areas will be allocated with respect to the distance (scenario 2) or to the most interested party (scenario 5). As for the total satisfaction level, scenarios 2--5 have almost the same values while current allocation of zones is the worst one. However, if we choose the difference in satisfaction level as criterion of the efficiency of the model, scenarios 3-4 are the best allocations since both countries have almost the same satisfaction level.

Fossil Fuels Are Ten Times More Important Than Fish Resources (∝ = 10) {#Sec14}
----------------------------------------------------------------------

The results of the models are provided in Fig. [9](#Fig9){ref-type="fig"}.Fig. 9.Allocation according to scenarios 3--5 for ∝ = 10 (areas allocated to Norway are colored in red (left part), to Russia -- in blue (right part)). (Color figure online)

Now let us evaluate the efficiency of each model in terms of the total satisfaction level. The satisfaction level of each country according to different scenarios is provided in Table [3](#Tab3){ref-type="table"}.Table 3.Satisfaction level.№NorwayRussiaTotalScenario 1105691709309815001Scenario 2314519520839835358Scenario 3416719416713833433Scenario 4416703416730833433Scenario 5314519520839835358

According to Table [3](#Tab3){ref-type="table"}, if gas and oil is 10 times more important than fish, Russia is the most satisfied country according to the current allocation of areas (scenario 1) or if the areas will be allocated with respect to the distance (scenario 2) or to the most interested party (scenario 5). As for the total satisfaction level, scenarios 2--5 have almost the same values while current allocation of zones is the worst one. However, if we choose the difference in satisfaction level as criterion of the efficiency of the model, scenarios 3-4 are the best allocations since both countries have almost the same satisfaction level.

Conclusion {#Sec15}
==========

We considered the problem of potentially disputed territories resolution in the Barents Sea. Using an introduced model of utility values with respect to main resources -- fossil fuels and fish -- we have proposed different scenarios for allocation of territories depending on the importance of each natural resource. As a result, we have evaluated the satisfaction level of countries according to each scenario and proposed allocation with the same satisfaction level of each country and compared it with current allocation. We hope that application of fair division models will help in resolving conflicts in other parts of the world.
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